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Abstract: The main aim of this work is to formulate a transmission model of the dynamics of Ebola Virus Disease (EVD)
by combining vaccine, condom use, quarantine, isolation and treatment drug together as control measures in a population
consisting of human and animal populations using fractional order derivatives which has an added advantage over the
integer order model because of its special property known as memory effect which seems to be useful for epidemic models
such as ours. Our fractional order mathematical model initial value problem is based on the Caputo fractional order
derivative. Using the next generation matrix approach the effective reproduction number for the model was obtained and
used to analyze the stability of EVD - Free Equilibrium and EVD - Infection Equilibrium points of the model. The EVD -
Free Equilibrium point was found to be locally asymptotically stable while the EVD - Infection Equilibrium point was
unstable as the system exhibits a forward bifurcation. Finally, a brief comparison between the fractional order and integer
order solutions was made in our numerical simulations and the result shows that as we increase the value of alpha the
fractional order solution gets closer to the integer order solution as alpha — 1 and the fractional solution experienced a
chaotic motion at alpha = 0.01. This chaotic motion is not seen at any other value of alpha which means that the fractional
order model of the transmission dynamics of Ebola Virus Disease shows more detail of what happens below alpha = 1 that
the integer order solution does not show.

Keywords: Ebola virus disease; Fractional differential calculus; Bifurcation analysis.

1. Introduction disease in human and non-human primates . Since the
Ebola virus disease was first discovered in 1976 near the year 1976, there have been so many outbreaks of which the
Ebola River in a country now known as the Democratic one of 2014 happened to be the largest one in the history
Republic of Congo ™. Ebola virus disease is a virus of the disease because multiple countries were affected 2%
known for causing viral hemorrhagic fevers. It can cause which motivated this study. Research has shown that
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arthropods, rodents and bats could be the host for Ebola
virus disease M. The virus can be transmitted to humans
by direct transmission from reservoirs or secondary
infected animals and then the virus spreads in the human
population through human-to-human transmission &),
Treatment drugs and vaccines such as ZMapp and rvVSV-
EBOV were showed to be 70% to 100% effective against
the virus Y and are now used during outbreaks. People
now recover from the disease and there is no permanent
immunity for those that recover from the disease **. Some
cases where detected according to World Health
Organization (WHO) as a result of persistent residual virus
in the semen of Ebola virus disease recovered men which
led to the assumption of sexual transmission of the virus
51321 Fractional calculus has been in existence for a long
time now. It was first introduced by L’Hopital on the 30"
of September 1695 in his letter to Leibniz ' .1t has been
widely applied in so many areas of Engineering and
Sciences generally. In recent times, it has been used in the
world of modelling to analyze epidemic models such as
Ebola Virus Disease models ¥, Even though the fractional
derivative operator is more difficult to solve numerically
than the classical one, it is still used in applied mathematics
because of its property of index memory 4. This property
of index memory has made it a relevant tool in
epidemiology because it can capture the history of the
variable that the integer order derivative find difficult to
capture. There are so many definitions of fractional
derivative and the three most common ones among them
are; the Riemann Liouville’s definition, the Caputo’s
definition and the Grimwald-Letnikov’s definition %), The
Caputo’s definition is what was applied in this work and is
defined as follows; The Caputo fractional derivative of a
function

() of order v >0 is defined as;

(p)
_ 1 y g
D g(y) T rv-p) J, -0 d or p—1<v<p,

where y > b > 0. D

With Caputo’s derivative the initial conditions for the
fractional order differential equations are in the same form
as that of the classical or integer order differential
equations. Many mathematical models had been developed
in line with our study but none to the best of our knowledge
had considered a fractional order model consisting of
human and animal populations with the combined impact
of vaccine, condom use, quarantine, isolation and
treatment drug.

2. Model Formulation and Basic Properties

The model has two distinguished population types namely;
human and animal populations, each subdivided into
mutually-exclusive compartments at time t. The total
population is denoted by N (t) = N (t) + N (t).The total
human population is denoted by N (t)= S(t)+ S({t)+ S
O+ SO+EOQ+EMQ+ EQ+I@O+ 1O+ T(M)+ [
() + R (t) + D (t) and the total animal population is denoted
by N({t)= S({t)+ E(t)+ I(t).

2.1 Assumptions about the model

Isolated individuals are under close surveillance
and do not contribute to the transmission of the
infection.

Vaccine, condoms, treatment drug, place of
quarantine for the exposed and place for isolation for the
infectious are all available and accessible to the
population.

The exposed individuals are infected but not yet
infectious.

The recovered individuals become susceptible
to the virus again after some time.

The Ebola virus disease recovered individuals
are still infectious through semen.

Ebola infected and infectious animals in the
population have interactions with the susceptible human
population.
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2.2 THE SCHEMATIC DIAGRAM OF THE MODEL

Figure 1 : The Model Schematic Diagram
2.3 MODEL VARIABLES’ DESCRIPTION
Table A: Model Variables Descriptions

Variables Descriptions Variables = Descriptions
S Susceptible Human Population I Infectious Human Population
S Susceptible Vaccinated Population I Infectious Treated Human Population
S Susceptible Unvaccinated Population I Infectious Isolated Human Population
S Susceptible Vaccinated condom users I Infectious Not Treated Human Population
S Susceptible Vaccinated non condom R Recovered Human Population
users
S Susceptible Unvaccinated condom D Dead and Unburied Human Population
users
S Susceptible Unvaccinated non condom S Susceptible Animal Population
users
E Exposed Human Population E Exposed Animal Population
E Exposed Quarantined Human I Infectious Animal Population
Population
E Exposed Treated Human Population

2.4 MODEL PARAMETERS’ DESCRIPTION
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Table B: Model Parameters Description

Parameters Descriptions Parameters Descriptions
P Human recruitment rate a Exposed rate of quarantine
A Animal recruitment rate a Exposed rate of taking treatment drug
u Human natural death rate ] Exposed quarantined rate of being
infectious
U Animal natural death rate ] Exposed treated rate of being
infectious
r Vaccination rate Ji Recovery rate for the infectious treated
K Vaccination modification parameter Ji Recovery rate for the infectious
isolated
K Vaccinated condom users s Infectious rate of taking treatment drug
modification parameter
K Unvaccinated condom users s Infectious rate of isolation
modification parameter
A Vaccinated condom use rate s Infectious rate of not receiving
treatment
o Unvaccinated condom use rate ¢ Infectious treated diseased induced
death rate
T Recovered rate of susceptibility & Infectious isolated diseased induced
death rate
p Exposed treated recovery rate & Infectious not treated diseased induced
death rate
1) Susceptible animal exposure rate & Infectious animal diseased induced
death rate
@ Exposed animal rate of infectious q Dead and unburied rate of burial
m,m,m,m, | Infectivity rate for vaccinated condom | n,n,n,n, | Infectivity rate for unvaccinated
m users n condom users
e,e,e,e,e | Infectivity rate for vaccinated non t,t,t,t,t | Infectivity rate for unvaccinated non
condom users condom users

2.5 The Model Equations
With our assumptions about the model and Figure 1 the following classical or integer order model system of equation was
formulated;
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W = O = P—(utr+K(1-m)+1R)

+a)El

(2) ww

rS—(u+A+K(1-2)S
®) = KA-rNS-(u+oc+K({1—-0))S
@ = AS —(u+p)s
= K(1-2)S—(u+pB)S
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6) = oS —(u+p)S
© = K(1-o0)S —(u+tp)s
® = BS+BS +BS +BS —(uta
©) = aE—(u+0)E
(10) = aE—-(ut0+p)E
a1 = OE +0F —(u+s+s +s)l
(12 = sI—(u+&+])I
(13) = sI—(u+&+])I
(14) = sI—(u+é&)l

(15) = JI1+]
With the initial conditions; I +pE  —(u+
50)=9.50)=9.50)=9gS (0)=g,50)=g9.5 ©0)=g.5 0=g.E0)=g, DR
EQ=,EQ=g ,I0=g .1 ,10=g.I0=g RO)=g .DO)=g , 4 = g +¢I+
0=950)=g E@Q0)=g and £l — gD
I0)=g : an =

A= +w)S
I 19 =
wS — (u+ P)E
(19 = DFE — (u +§\)I

B1 = ymuly+ molr+ msl. + maDy, + msl

B2 = 1[_nllN+n21T+n31r+n4Du+n5I]I 3

1
B3 = nleln+ exr+ e3 I+ esDy + esl] }

1
B4 =N [tlIN + t2IT + t3 Ir + t4Du + t5|])

2.5 Fractional Order Model
We hereby rewrite the system (2) in terms of fractional differential equations in the Caputo sense with the same initial
conditions to obtain;

Academic Journal of Statistics and Mathematics (AJSM)
An official Publication of Center for International Research Development
Double Blind Peer and Editorial Review International Referred Journal; Globally index
Available www.cird.online/AJSM: E-mail: AISM@CIRD.ONLINE

PgY.



mailto:AJSM@CIRD.ONLINE

Academic Journal of Statistics and Mathematics (AJSM)
Vol.6, No.11; November - 2020;

ISSN (5730 — 7151);

p —ISSN 4052 — 392X

Impact factor: 3.92

@ D S(t) = P-(u+r+K({-r))S+1R

?) DS({t) = rS—(u+A+K({A-2)S

@) DS({t) =K({(-7rS—-(u+o+K( —-0))S \

w DS () = AS —(u+p)S |

® DS (1) = KA-)S-@u+p)s |

® DS () =  oS-(u+p)S |

®m DS () = K(1-0)S —u+pB)S |

© DE@®) = BS +BS +BS +8S - |

(u+a | |

©) DE(t) = aE—-(u+0)E +a)E|

(10) DE(t) = aE—(u+86 + p)E

@anp I(t) = 0 E +0 } (4)

E —(Uu+s+s +5s)I

(12) DI() = sI—(u+é&+])I |

13) DI(t) = sI—(u+&+])I |

(14) DI(t) = sI—(u+é&)l |

(15) DR(t) = JI1+]J1 +pE —(u+ |

T)R I

(16) DD(t) = &I +&EI+E1] —-qD I

an DS() = A—(u + w)S I

(18) DE(t) = wS—(u +PE I

19) DI() = PE - (u +&)I I J
3 Ebola Virus Disease Equilibrium Points
Let¥(S,Sv,S,S,S ,S ,S,E E,E,ILI,I,I,R,D,S,E,I) bethe equilibrium point of the system . At

0O O 0O () () () O 0 O O 0 O O O 0

equilibriun—=—"="= = =——="_="_ = — 31 TheEbolaVirus Disease (EVD)
—O=—"90_.—9F_6=0and also DSt)=DS (t) DS(t)=DS(t)=DS - Free Equilibrium Point
=DE({t)=DE@®) =DIt)=DI(@t)=DI(t)=DI(t)=DR(t)=DD(t)=DS = = = = =
The Ebola Virus Disease model has two equilibrium points namely; ®=DS®)=DS{t)=DE@®) @{®)=D
. The Ebola Virus Disease (EVD) — free equilibrium point ({**) E®=DI()=0.
. The Ebola Virus Disease (EVD) — infection equilibrium point (¢*)

The Ebola virus disease free equilibrium state is the state of total absence of the disease in the entire population (8 = 8=
= B = w =0).The disease free equilibrium points of the model are as follows;

Stz ,Se= se=( ) G N (TR G (TR
) N C U GRD) (TSN GRS RN THNN GRNND ) (TR GRS
See= () Se= () Sm= ()() S =

(") ("SGR ("SR ) O ) M (e ()
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Therefore, in the absence of the infection, the Ebola Virus Disease (EVD) - free equilibrium of the model exists and is given
as;
(**: {S**, Sk, Sk, Sk Sk | Sk, Sk Eok) Esok, Esox [sx, [k, [ | [+x Rxx, Dsx, Sk Exx, I**} =

P rP Ky 1-1r P ArpP ( )
pr+K (1) 7 (p+r+Ky (1-1))(n { (+r+K (1= (p+0+K3(1-0)) 7 plp+r+K (1-1))(p
Ky(1-A)rP Y 1-71)P K3(1-a)K1(1-1)P ( ))( ))
(
) L) ) 010101010101010101 —1010}‘
N D) W@ P CD) @ CN ) W
3.2 The Ebola Virus Disease (EVD) - Infection Equilibrium Point
This is a state where there is infection in the population. Thus, =8 =8 = B =w # 0. In other to obtain this we
solve the model equation at equilibrium simultaneously to obtain the following;
P+ TR v P+ TR Ky 1-r P+7TR
Sy = 25y = S*= * * (
n+r+K(1-7) (u+r+K1(1-1)(n+A+K,(1-4)) (u+r+K1 (1-r))(p+o+K3
, . DI ( X )
Ar(P+ TR") 1 K(1-A)r(P+ TR")
(),
S+ = , S = ,
N DK ) o CNe €DK )
() »
S = S = () ( X D
o CNe ¢ N ) () [ (I
Ex= : [+~ ———)],
(W o ) om0 (T [ [ S G)
. ay(P+ TR ) (A1 A+ B+ FaKr (=D tB)] | Ki(A-)[Bao(utBa)+aKa(1-0)w+Ba)l] « F |
O oDt art @) (uar i (1-m) L (Bt Bo) (utd+ka(1-0)) (u+f3) (1+B4) (u+0+K3(1-0))
. az(P+TR") r[B1Al+B2)+ B K (1= (u+B1)] | Ka (1—1”)Iﬁa0(u+ﬁ4)+ﬁ'4K3(1—6)(u+ﬁ3)l]
T (ut84p)(ut e+ ) (ptr+K1 (1-1)) L (u4 ) (n+B2) (n+ A+, (1-2)) (u+f3)(nt+fa) (n+o+K3(1-0)) ’
P+ TR.»)IT[.G'M(MBZH B2Ka(1-A)(u+B1)] K1 (1-7)[Bz0(utBa)+L4K3(1-0)(n+p3)]

(u+B1) (n+B2) (n+A+K (1-1)) (u+f3)(p+B4)(ut+o+K3(1-0)) ] [ B1a, Ora; ]
(utsi+s2+s3) (p+ aq+ az) (p+r+K1(1-1)) (u+61) (p+8+p)1°

r[B1A(n+B2)+ B2K2(1-A)(u+£1)] | Kl(1—T)[B3U(u+ﬁ4)+ﬁ4K3(1—U)(u+ﬁ3)]l
(B +E2)UHATK(1-4) (1 +33)(+Ba)(uto+K3(1-a)) [ Byay Bya;z

(n+e +,) (ubsy +s2+53) (pt @+ az) (u+r+Ky(1-1)) (u+61) (u+62+p) |

C 90 @) @) O @) )l

oo 2PR 3 e 23 e o A (e Y T Y T 2Tt ][Hm Bra ]
L
(

(&40, ) sy +sp+s3) (p+ aq+ az) (n+r+K,(1-1)) pt+b1)  (utbr+p)

C O0 @) )] O ) )l |

. s51(P+ TR )l
;=

Academic Journal of Statistics and Mathematics (AJSM)
An official Publication of Center for International Research Development
Double Blind Peer and Editorial Review International Referred Journal; Globally index
Available www.cird.online/AJSM: E-mail: AISM@CIRD.ONLINE

PgY.



mailto:AJSM@CIRD.ONLINE

Academic Journal of Statistics and Mathematics (AJSM)
Vol.6, No.11; November - 2020;

ISSN (5730 — 7151);

p —ISSN 4052 — 392X

Impact factor: 3.92

N {u+€3)(_u+51+52+53) (u+ ay+ ap) (n+r+K,(1-1)) [(y+91) (#+92+p)]
PB
R* = , where;
u+t(1-B)
[rlBaAln+B2)+ faKa(1-A)(n+B1)], K1 (1-T)[Bzo(n+Ba)+BaK3(1-a)(n+h3)]|
B = I (m+ BB (14 A+K (1-2)) (1+B3)(utBya)(nto+K3(1-0)) I 1 Byay Baay | J152 J25, I paz |
(ut ay+ az)(u+r+K (1-1) (utsy+sa+ss) L(u+61) (u+8z+p)) L(p+2+]1) (k+§1+]2) (n+65+p)]
s3 P+ 1R Il + ]I 0ya B,
I = (+B1)(u+B2)(u+A+K2(1-4)) (u+B3)(n+B4)(n+o+K3(1-0)) [ 1% 207 ]
N ) ta +a  +r+K 1-1 pto putd +p I
(P4 R |FIB1AG B2) + B2 Kp (1-A) (it B1)] Ky (1-7)[ B30(ut )+ Ba K3 (1-0) (1t B3)])
§151 §252  §3s3 [ (u+B)+F2)(n+A+Kp(1-2)) (u+B3)(u+fa)u+o+K3(1-a)) 1
(g H) (e H ) (u+g) (utsy+sp+s3) (+ @1+ az) (474K 1(1-1))
D, =
u q
£ _ A * wA % Pwd

r r s dr

B (ur+w)’ N (prtw)(pr+P) N (e + @) (o + D) (pyr+84)
Thus, the EVD - infection equilibrium point of the EVD model exists and is given as;

¢ ={S*,5+,8*, S+, S, §*, S« ,E*, E*, E~I*, I, I, I R+, D+, S*, E*, I*}#(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).
4. Effective Reproduction Number of the EVD Model (RE)
In this study, the effective reproduction number (R ) is defined as the average number of new infections generated in a
population where vaccine, condom, quarantine, isolation and treatment drug are combined as control measures when a
typically Ebola Virus Disease — infectious individual is introduced in the population being considered. Using the next
generation method described by Dickmann and Heesterbeek 181 we obtain the effective reproduction number for our Ebola
Virus Disease model system which is the spectra radius (y) of the next generation matrix GQ that is R = y(GQ ). The spectra
radius is the maximum eigenvalue of GQ where G is a nonzero matrix that represents all new infection terms and Q is an
M-matrix representing all disease worsening terms. Considering the compartments E, ,E,I,I,I1,1,R,D ,E and I we
have the following;

tBS +tBS (u+ta+a)E

/ (u+0)E —aE \l
|
|
I

=
“n

BS
I (u+6+pE —aE

| (u+s+s+s)I-0E —06E

| W+E+) sl

| | +E+) =5l

|and Q=

|
|
| |
/ | gD —&1 —E1-¢1 |
(u+ ®E

N —
——

—_ —

W+&N —slI |
w+DR-JI1-J1 —pE |
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Using MATLab computation software we computed the eigenvalues of GQ and obtained our effective
reproduction number of the fractional order EVD model (the largest
eigenvalue) as;

( ) () 0
—& 0 g O I
0 0 00 |
0 0 0 O
0
0 o0
0 00
0
(u+@) 0
0 (u+&)l

%k %k k ok kx

Play0y pt405+p +azlly pu+y )

E= ﬂN(u+r+k’1(1—r))(;l+rr,+n2J(u+02+p)(u+01)(p+v,+v2+s3)] l[(p+a+1{2(1-1))( 5 5 2 Rm A tn K (1 _)A) + —( )
5. r Ky(1-7) €O'+tK(1_O' +
[(,u+§,l+jzﬁ ((i:+A+K2(1—A)) (mZA +nKp(1 - A)) + (u+o-l+K3(1—a)) |
3 Ky (1-1) _
[uigg)(m(ml“”#z(l ~D)+ g eottK(1-0) -
S.6.(.u+¢'g)(u+€z+h}+sZ$z(u+¢’3)(n+El+Iz)+s3fsu:+£1+}z)(u+€z+m) ( r ( (5) }
eac+tK(l1-o0) + |
mA+nK (1-2A)+ ( ) ec+tK(l1-o0) ]I
¢ ) ) () ()

Applying the parameter values of the fractional order model in Table C to (5) by substitution and evaluation we estimate
our effective reproduction number as follows;
0.127799389

R=____ [(0.001912591004 + 0.007533267211) + 0.795041204(0.00001912591004 + 0.00007533267211)

Academic Journal of Statistics and Mathematics (AJSM)
An official Publication of Center for International Research Development
Double Blind Peer and Editorial Review International Referred Journal; Globally index
Available www.cird.online/AJSM: E-mail: AISM@CIRD.ONLINE

PgY.



mailto:AJSM@CIRD.ONLINE

Academic Journal of Statistics and Mathematics (AJSM)
Vol.6, No.11; November - 2020;

ISSN (5730 — 7151);

p —ISSN 4052 — 392X

Impact factor: 3.92

0.124788753

+ 0.605751386(0.01912591004 + 0.07533267211) + 0.707675087(0.0001912591004 + 0.0007533267211)]
R =1.02412586[0.009445858215 + 0.00007509846488 + 0.057218416 + 0.0006684598534]

R =1.02412586 x 0.067407832
R =0.069034104

Thus, our R < 1, This means that a small number of
infected individuals introduced into the considered
population will not generate a heavy and strong
outbreak. Comparing our estimated R with those
estimated by others; Legrand et al.,(2007) estimated R =
0.4 with the implementation of barrier nursing measure
, Rivers et al., (2014) estimated R = 2.23 with the
implementation of pharmaceutical measure and
Madubueze et al.,(2018) that estimated their R =
0.3722121449 with the implementation of non -
pharmaceutical measures such as contact tracing and
quarantine. It becomes clearer that with the combined
implementation of pharmaceutical and non -
pharmaceutical control measures such as vaccine,
condom, quarantine, isolation and treatment drug during
an EVD outbreak will speedily reduce the EVD spread
and certainly eliminate the disease from the population
within a short period. With our effective reproduction
number less than one we have the following theorems;
Theorem 1

The EVD - free equilibrium point ¢ is locally
asymptotically stable if R <1 and unstable if R > 11¢,
Theorem 2

The EVD - Infection equilibrium point ¢+ is locally
asymptotically stable if

R

> 1 and unstable if R

5 Bifurcation Analysis of the Ebola Virus Disease
(EVD) Model

We study the stability of our system equilibria using
bifurcation analysis. To do this we apply the center
manifold theory 1*¥ described by Castillo — Chavez and
Song (2004)1*Y to investigate the stability of our EVD-
equilibria near R = 1. This approach is used in
examining the existence of forward and backward
bifurcation at R = 1.When the bifurcation result is a
forward bifurcation it shows that the EVD — free
equilibrium is locally asymptotically stable for R <1 and
the EVD — Infection equilibrium is unstable for R < 17!,
A backward bifurcation means that R < 1 is not enough
condition for the disease to be extinguished from a
population where it is endemic but adequate enough to
avoid an epidemic which is caused by the introduction
of few initially infected individuals in the population.
When the bifurcation is forward it is possible to have
global asymptotical stability of both equilibria, which
may also be impossible when the bifurcation is
backward 2%\, By applying this approach we let S = x,
Sv=X2, Su=X3, Svec = X4, Svn = X5, Suc = Xg, Sun = X7, E=
Xs, Eq = Xo, ET = X10, | = X11, It = X1, li = Xu3,
X14, R = X35, Dy = X1, St = X17,Er = X1, It = X10 and then
express the model equation as __ = F(x). Thus,

|N:
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We linearize the system (6) to obtain the jacobian matrix given as;
000 000 OO0 00O OO 00\
A000O000 OO0 O0OOO 00 OO

0400000000 0000 00 00|

A0A0 00 00O 0 O

YyooAa000 00O
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0 00 A0 00O
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o
o
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0 0
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0000400
0000a AOQ
00 0a
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00000
00000
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— T =
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| 0 0000000000 000 O00A @0 T =f = P-(utr+K(1-r)X+ X
| 0 0 w | a“ \
| o o ol ©ow =f = -t A+K (- D)X
& ) 2
0 A ,;’_’ |
aw @ =f =KA-rx—-(uto+K(-
L oo | I
::f;u @ = f = AX —(u+
g | ot
o =f = KO-De —ep | &
© = = ox —u+pX | o
@ = = K (1 —a)x —(u+B)X | d;:ﬁ
@®) =f = 3x+ﬁx+ﬁx+ﬁX—(y+a+a)X| TT
© = = ax—(u+6)x | *
w = = aXx—(u+6+p)X (6) }
1) = = OX+OX—(U+s+s+s)X I
w =f = sX  —(u+E+])X |
@w = = s X —(u+&+] )X |
an = = sx —u+ex
(15) = = JX +]x +px —(u+71)X I I
e = = &X +EX +EX —qx
a = = A~ (u+ w)X
(18) = = wX —(u+P)X |
(19) =f = dX —(u+ &)X

where; A1 =—(u+r+K (1-7)), Ae=—(u+A+K(1-2A), As=—(u+o+K(1-0)Au=—(u+p) As=—(u+p),
As=—(u+B)Ar=—(pu+pB)As=—(ut+ra+a) A= (ut0),An=—(u+0+p), Au=—(u+s+s+s) An=—(p
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+E+] ) As=—(n+&+]), Au=-(pn+¢&)As=-(u+1), A =-0, Air=-(u+ w), Ais=—(u+ D), Ao =-(uu +
E)M=Ki(1-1), Y=K(1-2), Z=K3(1 - o).

Note that A; to A are all negative, that is they all have negative real parts. We

hereby consider ms = m* as the chosen bifurcation parameter, when Re = 1, thus

m = el HEA—P (e DY) (uts ™+ s+ s)A — [n St e S+t S 1,

a101(u+02+p)+a0-(ut01)

Where
(“101(.“ + 0, +P)+“202(FJ+01)) ] 1 2 we 2 vn 2 uc 2 un + 3 1 ve 1 vn 1 uc 1 un S (m S
(N +7+ K, =)@+ ay+a)(@+ 6+ p)(u+ 6+ 51 + 55 + 53) (u+& +5) (u+£3)
4 l(m45u<: + Mo + €aSue + E4Sun) (Slfl(lu + &)+ 8+ 1)+ spda(u+ )+ 8 + o) Hsafs(u+ & + ) (u+ &, + h))” I ::99

+tS ) s(mS+tnS+teS +tS )

qu+ S+ )pu+&+])p+)
Supposing that the Jacobian matrix H has V and W as its left and right eigenvectors respectively associated with its
zero eigenvalues and are chosen in such a way that W . H=0and V. H =0with V. W =1, where W = (W1, Wy, W5, ...,
Wig,Wig)" and V = (V1,V2,Vs, ...,vis,Vio)". Then, it follows that;

—Twy —Aqwq Kq(1-r)wy Arwy Kp(1—-A)rwy oKy (1-1r)wy
Wz = N w_ls = N W,} | —— N 4 = — 5 5 B — ’ W6 _— ——
Az T b Az As Ay - AsAs AszAg
_ K3(1-o)K (1-1)wy _ —(fawa+fows+B3wetfawy) _ —awg _ —apwg _ —(B1wo+8aw10)
Wy = —— —— »Wg= " Wy = —— Wy = —— Wy = 4 ,
347 8 9 10 11
_ “S51iWn _ TS2W11 _ TS3Wiq _ —Eawip+Eawiz+ E3was)
Wiz = — s Wiz = — 2 Wia = T/ Wis = 4 ,
12 13 14 16

Wiz = Wig = W9 = 0 with w, as a free vector.
Since all our A; to Ay are all negative, it follows that;

w>0,w>0,w>0,w>0,w>0,w>0,w>0,w>0,w>0,w>0,w>0, w >0,w
—Jav1s _ —Pivg _ —PBavs
>0,w > 4 ’ an, T T4, 0T T 0w >0.
—A15V15 —J1iv15 .
.. =v,=V =V;o=0,v, = 1 , Uqp =
Slmllarly' 1 ! " " ! T Mz _ —(s1v12+s3v13) v v v
11 — = =
—Bavg _ —(ayvg+azvyg) _ —Bvy = (Aav11+pV15) A !
v = , a, " Vg = A » Vg = T Vo T v = = ) ,
_ O S S = and v isa fr_et,? vector.
Computations a Vs = 4 of a and b (Bifurcation Coefficients)

Withv =0,v =0,v =0,v =0,v =0, it follows that ais =ais = a17 = a1 = a14 = 0 and all the partial
derivativesof £, f . f.ff. .. f.f . .f.f .f.f.f,fareall zeros and we are left with;
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0fs _—ms 0fs _—m2 O0fs _—my O0fs _—ms Ofs _ —ma
dx,0x11 N 7 8xy0xq, N 7 0x40%14 N 7 0x40%14 N 7 dx40x19 N’
3*fs _ -ns d*fs _ -nyg  3*fs _ -ny 3*s _ -ng 3*fs _ -ng
dxs50xq1q TN Oxs50x12 N dx5dx14 TN Ox50x1g N dx50x19 TN
8%fs  _ —es 3fs _ —ep %fs  _ —ey 8%z _ —eq 8°fs _ —e3
Ox60x11 TN Oxg0x12 - N 0xg0x14 - N’ dxgdx16 TN dxgdx19 TN’
8%f;  _ —ts  d%fs _ —tz a%f; -ty 0%F -ty 8%y —t3
ax dx N 'dxdx N 'dx dx N dx dx N dx dx N
a=>y, vww
_ a fa 9 fa 0 fa 9 fa 3f4] [ d fs
A = UsWy [W“ dxa0xqq 12 Ox40%12 14 Ox40x714 16 Ox40%16 19 0x40x19 +UsWs |Wia dx5dx1q
3*fs a*fs 9fs 3%fs ] [ *fo 3% fq *fs
Wiz dx50xq2 14 dx50x14 16 dx50x1¢6 + 19 dxq0x19 + VeWs | W11 Axgdx11 Wiz Ox50x12 14 Oxg0x14
2%fs 2*fs ] [ 2%f; 2%f; 2%f; 2%f 2%f ]
Wie dx dx + Wi dx dx VW7 (Wi dx 0x Wiz dx dx WMax dx Wmﬂx dx + W”ax dx
Note — thatwp=0and w=1vw =1, vw =1l vw =1(sincevw=1)
Thus, ;. a=[m +n +e+ ]——_[m +n tett]——[m+n+e+t]—__
N [mtn +e+t]
a=— [wm+n+e+tt]tw [m+n+e+t]+w [m+tnt+te+t]+w [m+n +te+t]]
= a <0 (since wi1>0, wi2> 0, wis> 0, wis> 0 and N cannont be negative)
b=y, vw "
b=vw dxadmyg
b=vw

4 [E] The local dynamics of a system around the equilibrium
) .point 0 is totally determined by the signs of a and b. Specifically,
a system exhibits a backward bifurcation when a > 0 and b >
0.Otherwise, the system exhibits a forward bifurcation. Since, a < 0 and b < 0 we then conclude that the system exhibits
a forward bifurcation. Forward bifurcation means that the EVD - free equilibrium point is locally asymptotically stable
for R < 1 and unstable for R > 1. And it also means that the EVD - Infection equilibrium point is locally asymptotically
stable for R > 1 and unstable for R < 1. This implies that the control of the Ebola Virus Disease in the population is
independent of the number of those that are initially infected by the disease and the virus will be eliminated in the
population when R < 1. This also means that the disease cannot overtake (invade) the population when R < 1 and it is
possible to have global asymptotical stability of both equilibria .
6. Global Stability of the EVD - Free Equilibrium Point
To prove the global stability for the EVD - free equilibrium, we construct a Lyapunov function for which we have the
following theorem;
Theorem 3
For global asymptotic stability, the system at EVD - free equilibrium point is globally asymptotically stable if Re< 1.
Proof:

= b <0 (since vw =1 and N cannot be negativ
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To show global asymptotic stability of the system (4) at EVD - free equilibrium we consider the following Lyapunov
function stated as;
G Sx*, Sxx, Skx, Sxx, Sxx | Sk | Swx | Fok, Ewx, Exk, Jxx, [k, [k, [xx, Rak, Dxx Skx, Exx % =

C o —Si-silogit) + ) sss|
st ]og%) it (Sv — Sy =8 logi_l) t | - G Iog — S5t —S5ilo ?vc) n o S
X Iog K, + - S — G _) — G Iog *% _ + E
— Exx— Ex* |Og o™
; D)l
) wx— Fox Iogb—o_;lf _Ey —Ep log%i) + (1= 1 =1 10g ) + (b - 1y = 1 log’T) + (0

) T - e

e loglj—:) +(Iv =1y - Iy log':—’i) +(R— R —R"10g%) + D =D D+ log+ |

N i

SEJ —Er —E logi_f) + (]r el A logl;’;), AN 10g§_;) +

Evaluating the derivatives of G at EVD-Free equilibrium we have;
dG _ (S+57"\dS Sy+Sy" dSy Su+Sy"\ dSu Spet+Spe) dSpe
dt—(s)dt+( 5,,)dt+( Su )dt+( Spe ) +}(8)

(-ﬂm*sﬁﬁ) dSyn + (Suc+51l;:) dSyc + (Sun+51..:;1) dSyn + (5r+~5r )d~5r
5 dt 5 dt S5 dt N dt

Substituting the equations of the model into (8) and evaluating we have;

L1+ -t r+ K@=+ (1) rs+5) -2 (14 2+ K,1-D) )

(Su+ Su

143 )Kl(l—r)(S+S**) (u+a+K3(1—a))+(1+5“°)/1(5 85 - (5”‘:—5’”)(#) o |

9) + - }
©) | 1+;”—”) K,(1=2)(S, +857) — (%71:—5?171)( )(1 +3 )cr(S S5 - (smgsuc) W

_) ok ——— **)—@*)(@—H_—k** A—( =) U
1+K(1-0o)(S +S§
Collecting the positive and negative terms of (9) we have the following expression;

_=U-N
Where;
7= (1+5T) (P) +(1+3 )r(s+5**)+( )Kl(l—l‘)(5+5“)+( Své)'l(sv*'S;*H

) .. (10)
T+32) K=, +557) 1+ )"(5 #5004 (143 KA -6+ 1+T) iy
N (u+r+xl(1_r))+“”+5” G+ 2+ Ky(L =) + S5 4 6 4 Ky(1 - 0) +
(11)

(Spet+Spe)* (Son +5pn)? GuctSue)? Sun+Sin)?® Sr+sy)?
U — W=+ =W+ =)+
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If U<N, then _ will be negative definite along the solution path of the system. This meansthat _ <0and _=0only
at EVD — Free equilibrium point. This according to LaSalle’s invariant principle implies that the EVD - free equilibrium
is globally asymptotically stable.

7. Numerical Simulations

Using MAT Lab software the numerical simulations of the EVD model was performed in order to see the effect of all our
incorporated control measures when combined and what history the fractional order model will give us at different values
of alpha which is the order of the fractional order model. The model was implemented using the population of Liberia
which was estimated to be 4396554 in the year 2014 %1, We then estimate our initial conditions and parameter values as
follows; S (0) = 4396521, | (0) = 33, D, (0) = 24,Eq(0) = 74, E (0) =0, Er(0) =

0,1i(0)=91:(0)=0,In(0)=0,R (0) =0, Sy(0) = 1758608, S, (0) = 2637913, S\c= 527582, Svn (0) = 1231026,
Suc (0) = 1582748, Sun (0) = 1055165, S;(0) = 6000, E(0) =0, I:(0) =0

Table C: Model Parameter Values

Parameter Values Source = Parameter Values = Source | Parameter Values Source
S S
P 422 [23] a 0.07143( [17] p 0.0314862 [27]
A 100 Assume a 0.02741 | Assume & 0.2443 Assume
d d d
U 0.000024657| [23] 6 0.08333( [22] W 0.5 Assume
5 d
U 0.08 Assume 0 0.014 | Assume P 0.6 Assume
d d d
r 0.05 [10] ] 0.10518| [17] & 0.3110 Assume
6 d
K 0.895 Assume ] 0.17 [27] q 0.5 Assume
d d
K 0.765 Assume s 0.2257 | [17] m ,m ,m | 0.03,0.00003,0.01,0.0003,0.00 | Assume
d ,m.,m 3 d
K 0.886 Assume S 0.25 [30] e,e,e |0.07,0.00007,0.0001,0.0007,0. | Assume
d ,e,e 007 d
A 0.02 Assume s 0.148 Assume | n,n,n, | 0.04,0.00004, Assume
d d n,n 0.001,0.0004,0.004 d
o 0.07 Assume & 0.11386 | [17] t,t,t, |0.09,0.00009, Assume
d t,t 0.0002,0.0009,0.009 d
T 0.06 [27] & 0.0901 | [27]
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Results

Now, with the initial values and fixed parameter values in Table C, the numerical solutions for our model at different
values of alpha (o) = 0.01, 0.1,0.7 and 1, the results obtained from MATLab computer software are shown in Figure 2,
Figure 3 and Figure 4 as follows;

- Fraciiona Ebola Dyramics i Fractonal Ebol Dynamics o Fractional Ebcla Dynanics it Fractind Ebela Dynaics

accinated population

M,

Susceptible population
Vaccinated Condom Users

_ Susceplible Unvaccinated population

Suscepliole V
:
H

-
fime(days) tme(days) fime(days)
;n N Z) ............................................. o
e T e T et T
Figure 2: Susceptible Human and Animal Populations
Figure 2: The simulation graph showed the graphs of the time but the susceptible unvaccinated non condom users
susceptible human and animal populations within 60 population decreased the most and faster also while the
days. It showed that the susceptible human population susceptible vaccinated condom users population
decreased with time but never got to zero. The decreased the least and slower. The susceptible animal
vaccinated and unvaccinated populations both increased population decreased with time but did not get to zero.
initially and the unvaccinated population reduced The graph shows that as the value of alpha is being
drastically with time while the vaccinated did not. The increased the fractional order solution tends to the
susceptible vaccinated and unvaccinated condom users integer order solution as for each population.

and non condom users populations all decreased with
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Figure 3: Exposed, Infectious, Recovered and Dead Unburied Human Populations

Figure 3: The simulation graphs showed the graphs of
the human exposed and infectious populations with the
recovered and dead unburied populations over a period
of 60 days. It showed that the exposed population
drastically increased from initial time and got to its peak
before 10 days before the population reduced with time.
The exposed treated and quarantined populations both
increased also before they decreased but the exposed
quarantined population increased the most. The

30
timaldavs)

infectious populations also increased and later decreased
with time but the infectious isolated population
increased the most while the infectious not treated
population increased the least. The recovered and dead
unburied populations both increased initially, got to
their peaks and decrease with time but the recovered
population increased the most. Then also as the value of
alpha is being increased the fractional order solution
tends to the integer order solution as for each population.
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Figure 4: Exposed and Infectious Animal Population
with all the Populations at alpha = 0.01 Figure 4: The
simulation graphs showed the exposed and infectious
animal populations with the entire human and animal
populations at alpha = 0.01 within a period of 7 days. It
showed that the exposed and infectious animal
populations both increased and got to their peaks before
both of them decreased but the exposed animal
population increased the most. It also showed that some
of the populations experienced a chaotic motion at alpha
= 0.01 within the first 7 days. This shows that at this
value of alpha the system is unstable.

Discussion

In integer or classical order calculus, the operations are
focused mainly at the integers while fractional order
calculus is actually a more generalizes type of calculus
which puts into consideration every real number, that is
a > 0. The fractional order model of a system can be
compared to the integer order model of the system
especially when a— 1. Fractional calculus may improve
the understanding of biological processes because
fractional differential equations can see past events of

3 5 5 1 2 3 4
fime(days) time(days)

the system being considered. At a = 1, fractional order
solution becomes inter order. The numerical simulations
for different values of alpha with their corresponding
effects on the disease spread in the population shows
that the fractional order model is sensitive to the value
of a which is the order of the fractional model. This
means that the fractional order Ebola Virus Disease
transmission dynamics model can help in predicting the
spread of the virus in the population in time.

The graph of each population, Figure 2, Figure 3 and
Figure 4 shows that as the value of alpha is being
increased, the value of the fractional order solution
(alpha = 0.1 and alpha = 0.7)gets closer and closer to the
integer order solution (alpha = 1) as expected. At alpha
= 0.01 (Figure 4) the graph showed that some of the
populations experienced a chaotic motion within the
first 7 days. Chaos is something related to physics. If a
physical system contains many input parameters and the
behavior becomes sensitive to even small changes in
inputs then such system is chaotic in nature. Chaotic
systems are unstable which means that a small
parameter in the model can change the equilibrium
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points and this change the solution trajectories to a
chaotic behavior that is difficult or impossible to
determine in a precise way.

8 Conclusion

In this study, the general epidemiology of the Ebola
Virus Disease is considered and we formulated a
fractional order model for the dynamics of Ebola Virus
Disease detailed with recent developments in the area of
the disease. This is to help see what happened at those
times that the integer order model of the disease could
not capture. The effective reproduction number for the
model was computed and estimated to be less than one
and used in the stability analysis of the equilibrium
points of our model. The EVD- Free equilibrium of the
model was found to be locally asymptotically stable as
long as Re < 1, which means that the disease would be
eliminated from the system within a short period of time
when our control measures are well implemented. The
EVD - Infection equilibrium was also found to be
unstable when Re < 1 and exhibits a forward bifurcation
near Re = 1. This means that the control of the virus in
the population is independent on the number of the
individuals initially infected. The disease will be
eradicated from the population with all our control
measures put in place since our Re < 1.Finally, the
numerical simulations of the model was carried out
using MATLab computer software which showed that
our fractional order model of the dynamics of Ebola
Virus Disease can produce interesting results. The
numerical simulation result confirmed that with all our
control measures strictly implemented that the disease
will die out of the population within a short time and that
the fractional model helped show the previous activities
of the disease. With these obtained results we believe we
have added to the transmission dynamics of Ebola Virus
Disease by using fractional derivatives of order alpha.
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