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Deterministic Models are Models whose values can be determined without error 1)
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X:PA) - ' .
ThenP [X=1] = A r=0,1,2...
rc!

Ex = 3, Plx= r]—Zrl”'

=i X m”]
(r-1)!

l E kl'l -A er A
(rI)' r!
Ex = A ’
Show that Var X =,

The Geometric Dsn
X:G(P) _
PiX=r] = (1pyp" r=0,1,2

EX = S(IP)P° = E(I-P)zrpf

= (I-P) [LP + 2P* + 3P° + 4p* ]

(1-P) [P+P2+P3+P4+PS..
P+P + P+ P,

P +P 4+ P
P+ P°...




P) (P + P+ P I
1-P) (1-P). (I-P)

® + P+ P+..) =P = POLP!
(1-P)
ar (X)= EX® - (EX)’ Ex=(1-P) TP
2 =3P PIX =1 =(1-P)L 4 PP
=3r-D+nP[X=1] dp
=3r(c-1)Plx=1] + ZrP[x=r]  |=(1-P)PY dF
= Yr(r-1)(1-P) P + dp
= (1-P) Ir @-1) P’ + = (1-P)Pd TP
=(1-PP’Y & ZP' dp
=(1-P)Pd (L)
= (I-p) P’ z;d o+ dp 12
dp? (I—P) SPP+P + P +
. Ex=(1-P)P _L
= 2(1-P)P? (1-P)? + P(1-P)! (1-P)
- = P = P(I-P)
=2P2+ P (1-P)
(1-P? (1-P)
y=F
VaX =2+ P = P? dy = rPrr
(1-P>2 1P Q-py dp
= 2P + _P = P)xP1-P) = P_|d’ = r(x-1) Pr-2
QP (P) (P (1-Py’| dpp”
y =-(1-P)’

P+ PS..




| AtH
1. X:f(x) = L - x21 ome

2x2
Y2 0<x>1
calculate EX . ‘
2. X: b(n:p)
P[X=n] =0
P[X=1=K"CP'q""
i. find K

ii. EX



The Uniform Dsn

16
3(b-a) _ 2
Var X = EX® - BX)® [ B2+ 2ab+d’

| 4
=b’-a’ - (b+a) [ ] -a)(bz-Zba-l-a’)

36a) 4

=bra®’+bata) - (2+2'ba+a)
3(a~b) 4




=bl-bata’ - (b —2ba + a9
3 4

4(b*—bat+a) - 3b?'}—2ba+a2
2 |
=b2-23b +a2 = ib:.a!z
12 12

The Exponential Dsn
X:EQ), f(x) = 2™ 320
Recall the Pdf of the gamma ds if X has gamma (A 1)
F(x) = M) e™ Noted -
: (r-1)! , x>0 The sum of
We obtain EX and Var X when X:E()) rth Exponen

EX =(%exydx = Sﬁw"‘ dx
0

0

= I{P0x)e™Mdx = 1

3 ; A
0 = gamma Dsn withr=2

o0 -
EX? =5 f)dx = S?kh dx forr=3
0 0 . = gamma 1[x)sn
. ' v ' = 2 OLXJ?'B- ‘ :
=—1—S§—3‘i—lh‘2°""dx =_1"25 Ax)? g™ ' 2§
A A 2t 9\,2 ) '

EX? = 2
"‘2



yar X =1
»
I X: E04)
EX = __1__5|==
04
EX? = 2 =2°= 12.5
% .16
varaX = 125 - 625 = 6.25

= a*Var= Ax625 = 235

Gammﬁ Dsn
Find EX, VarX
EX 5 xf(x)dx =5 A e dx
(r-1)!
__:S ! Q!E]r A '
0 L
w ,
A () € dx -1t =1
T

ob !



= gSl&x)’e"“‘ dx =
A r!

> i

EX = % Z =X + X5 + ... X /has ag
BE = E(X1+Xz+...
EX? = Soxazf(x)dx = EX1+EX2+...)]{E4;(..
w 0, , =1+ 1+..1
= 5 AGAY e ™ dx | PN
4 D! ' = I
A

5?&0 x)OX)e™ dx
0 (r-1)!

[0}
Sx_(_)g()_' e™ =
0 (1)

VarX =EX?- (EX)? .
=rtl) - = Par-f =g
A2 A2 A A2
Var X = r



| -
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yblem
The weight of rods made by a company has the normal dsn
.eam 10kg and s.d 4kg. A length of rod is sold for N10 it weighs
than 16kg. it is sold for M8.50 if it weighs less than 6kg.
ise it is sold for ¥9.00. Find mean of the selling a price of
h of rod picked at random. '

A customer picked 100 of such rods at random. How many of
are expected to weigh more than 16kg, less than 6kg and

yeen 6kg and 16kg.

i

A gambler wins &1.00 if 1 appears in a throw of a die, N¥2.00 is
throw of a die, N2.00 if 2013 appears in N0.50. Otherwise if X is his
nging. Find EX, VarX.

. The r.v. has  Thed dsn

P X=n]=0
P [X=1r]= KnCPq" r=0.1...n-1
Obtain EX

Solu 1: EX = Tk P[X = k)

PlxP[X=1]+MN2xP(X=2]+0.50x P [X=3]
1xP[ocappears]+2xP[200r3appears]

"+ 0.5 P [otherwise] .

1xY + 2x%s+ 0.5x %

1xY+2x% ++05x% =

;kzP[X = k]

EXZ
' xP[X-1]+22P[x 2] +0.5°P[X = 05]

Il oW

Var X =

S T e e —— T —— T T T T T T T e e e T e e R TR T =



Chybeysher’s Inequality OR Upper bond of Proba
Xisar.v and C is any constant suppose - .
E(X<)2< o and € is any non-negative number i.e. € X

P X-<12E]2EX-< 4-

¢

Then

Proof:  E(X-<’= f;'i-<)2 f(x)dx

- 00 For x confi

1X< I>E

m m
-c0 T , £ o0
O ONXOE /
E(X<)® '

=Y x<P )X+ (x-<)° f(x) <x
Ix <12¢ Ix-<l <e

> S e® f(x)dx = T2 fi(x)dx
1x-<1>2 A-<f22

=g’P[1 X -< 1 2¢] <E (X<
P{1X-<12¢] <EXQD”
EZ

When ¢ = p = EX we have
P[IX pl2p>g] < 82
[1X pl2p2] S.-?



mple: Obtaining the chebysher’s upper bound and compare wit
exact of the ff if X : N(9,2)

G BX91=23]

(i) BIX-7125]
: Chebysher’s Upper bound

93 < EX9)? = 4
3 9

Probability
P[X91>3 1231 =P |1x91 2 31
2 2
= P [rZ1=21.5)
=2 x area from 1.5 to
=2 x 0.0668

=0.1336



Chybysher’s Inequality
If X\ (0,5), obtain the chebysher’s upper bounds and c
with the probabilities of the ff. ‘
@  P[1X-212]
@)  P[1X-2.5122]

For the same X above, plot the g'raph of the upper bound
ff P [1X - 3[2K] for different values of k. on the same graph p
exact probabilities. |
Soln: _
DRIX-21>1] > EX -2 -
. -1 |

F(x-2)’ = EX® - 4EX + 4
EX? =5 £dx = 5
5 15

= 125 = 25
5

53

1

EX =5 Xf(x) dx = 540 = 2.5
2

B(X-2’ = 25 4x54+4 = 7
3 2 3
P(1X2/>/]1< 2.33 v !

(i) P[1X-2.5/>2 ] < ECC2” =
2
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4 3 4 12
=25x Y% =25 =052
3 48
Exact Probability
P[1X-2.5/22] = P[X 2.5 220rX2.5%-2]
=P [X24.50r<05] : - 11-P[X<4.5]
=P [X24.5 orxso'l.sl 1 5
=_1_ +_1_ = 0r5 5
10 10 =5 1
: ‘ 10 10
| X | | 34
l - —
0 05 45 5
05 . 2AX+2.5)
5
P[1X -2 /2] 12.5
=P[X-221 or X-2>-1]
=P[X23] + P[X1]
' 2
e s I O B
=2 + 1 = 3 =6
5 5 5



The Poisson Dsn _

The random variable X is said to have the Poisson ds]

parameter A if its probability function is '
P[X=1] = et

r! r=,1,2... ,

The Poisson dsn is an impdrtant dsn used to model

physical systems. '

Example: If X has the P(0.3), x calculate the ff probability
() P [X = 2] i) P[X>2] (ii) P [2<x<5]

@) P[X=1] = 0.3 = (0.2¢93
2 2 =033

() P[X=2] = 1-P[X<2]
=P[X=0] + P[X=1] ,

=03)" e + (03)e®
0! 1

=1 -03%°e% - (03}
ot 1t

-

1- 07408 - 0.2224567
= 1- 96504
= 0.0369

2. X has a Poisson dsn. If
P[X=2] =08 P[X=1]
Obtain (i) P[X=0] (ii) P [3<X<6] (iii))P[X >0]



Solution:
PX=1 = et r=0,1,2...
r! ’ .

We find the parameter

P [X=2] =Ae' =080 ¢!

2! 1!
A =2>08
=16
1
Sf(2x)dx =1
[a]
2x* 12-0=1

2



The continuous Random Variable -
1. The random variable X is continuous dif there exists a functif
called the probability density function (pdf) such that
() f(x)=0 for'all x (tx)

(ii)S f(x)dx = 1
2.Pla<X<b] =5f(x)dx = area under the graph of f(x) from

~Q0

3. For the continuous r.v. kz P[X=x]=0Vx
4. The Distribution function F)
FX) = P[X=x] = 5 f(x)dx
Some properties of F(x) -°°
@) O0<F(x)<1

(i) F(x) is monotonic increasing
x1<x2 = F(X1) < F(x2):

(i) F(w) =
(iv) F(#w)=1
Supposing

X:P[X=k= <q <=40

59



(i) Which of the following can be the pdf of cont. r.vs.
MHf)=1 0<x<1
(i) f(x) = 2x 0<x<1
(iii) f(x) = x(x-2) 0<x<l1
V) fx)=x(x3)  0sxs5

2. The r.v X has the pdf Verify
fx) = ax 0=xsl f(x)20
f(x) = a 1<x<2 o
f(x) = ax+3 28xs3 f(x) dx =1
. /oo
elsewhere
Obtain (i) a

(i) P [X<t4] (i) P [X21.5]

To calculate a
oC

5f(x)dx=1 = f(x)dx=1

Sf(x)dx Saxdx+z§ dx +5Cax+3a)dx~'1
= ] +aﬂ \:ax +3aﬂ

a + 2a—a + -ax’ +[:9a + 92+ 4a - 6a
2 , 2 2

]

IA

a + 2a--a + .ax* + -9a + 9a + 4a - 6a
2 ' 2 2



a+a~2a-9a+l8a+4a -12a = 29a2~ 23g
"‘"—‘_"a ‘“‘“' = T

= 4a
) 2
= 2a = 1 .
a = 1l
sof(x) = x 0<x<]
2
%3 0<x<1
-X + 3 2<x<3
2 2
0 elsewhere

i
B
—
—
.
N
ol
—L,

2 2 . .
-.1—§+<4+2+1—3 g+_9~_3_-2-§
I 2 44 7
=1-/4-/4+°/2+1-3 8+183 9.1
e+183-9-12
4



Note that for all contsrvs '. o
[a..x<b] = P [a<X<b] = P [asX<b] = P [aSX(b}

L a——

[X_<_1] P [X<l]

The Exponential Distribution EQ})

The r.v. X is said to have the cxponenua.l dsn with parameter A
itten E(X), if its pdf is

f(x) = ™ x>0
xample: The time between the arrival of successive cars at a road
Junction has the followmg pdf

fx) =2e"™ x>0

Obtain (i) the values of X

(ii) The probablhty that no. car comes w:thm 1% mmutes of the
Jeast-one. : :

Sdluiﬁun (i) To obtam l.

\"_- .
S.f(x)dx = = % =05

=00
§f(x)dx §o 5e9% dx

=-e°“s:| = 1% = 1. =082
0 .

(i) P [1<X<2.5]

(11) P[X<1)=




" Function Of A Random Variable

Recall r.v. X is a fn from Q to R. thus X:Q—R
The function of the r.,v. X, g(x) is also ar.v.

PPN, O

x) is thus a r.v. Our mtete'a‘t is to study the dsns and moments of such
funct:lon
| Let Y = g(x) and F(Y) Thc dsn of Y.
F(Y) = P[YSy] = Plesg’()

The above string of equation tells us that the dsn of g(x), F(y)
can be found from that of x.
Example: X2 (1,3)

Find the pdf of (i) Y = 3x+4

(i)y=¢"
Solutlon 4}
Let F(y) be the dsn of Y = 3x+4

F(y) =P [Y<y] = P[3x-+4<y]

=P y’syﬂ]
. 3
=yt ol o= oyl
—— 6
3-1
Pdf of y = f(y) = df(y) -'1+ Tsy<
| Dy X max =3
x=1—_4_ =3
3

ol
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Fns of a R.v.

1. X:E(0.3)
Find the Pdf of Y = 2x-] .
X: b(n:p) find dsn of Y =2x
() Y=3x

Solution: ‘
F(x) = (0.3)e"* x<p

- PIy=y) = Pl2x14sy] = Px< y.1
2

- el ¥ ¥l
= 2 ’ 2 2
‘Sf(x)dR = 5 0.3¢0* 4x = -e°-3j

(]

=]1- eO.3(y!6)

PAfof Y = g(y) =03 e™30% = 150650 y21
2 .
XSyl 2 x=y-1 290
2 2

L]
L d

y21



X b(n,P) i

We find Y = 2x :
P[Y =1] r=0,24,6....2n
P[Y=1] = [2x=r] =P [X ="/5]

C[lZ Pl'lz qn'l'/2 .

Theorem: X is a conts r.v. with the pdf = f(x).
F(x) 20 a>x<b
Suppose y = H(x) is a strictly monotone function of x and f(x) 1s
differentiable. Then Y = H(X) has the pdf g(y) given by g(y) = f(x) &
where x is expressed in terms of y.
y = H(x) for monotone inbreasing X1< Xo= H(x;) <H(x2)

Proof of Theorem
(1) Let Y be strictly increasing
i.e. x1<x2= H(x)) < H(x»)
Let G(y) be the dsn of Y. so that g(y) = gyl
dy

Then G(Y) P[Y<y] =PLH(x)<y] = P[x<X(y)] =F H'(y]
Let x = H! )
Then G(y) = F(x) ; '
Sog(y) =dG(y) = dF(x). dx= f(x)dx

dx dy dy



Let Y be strictly monotone decreasmg
Xi<x2<H (x1) > H(Xz) :
G(y) = P[YSy] = P [H(x)<y] = P [X-H (y)l

Againifx =H"' (y)
gly) = ch(ﬂ d[1-F(x)] . dx
dy dy | B¢
=-f(x) dx o
dy ' :

dx
Combine the results of (i) and (11) we have g(y) = f(xjﬂ'

Joint Dsn
1. Discrete Case
Let (xy) be a two dimensional r.v. X takes X;,X,,...
Y takes Y; Y>...
(X.Y) take . (Xl, D (X2 Y)

Let P(x;,yi) be the prob. That (X, Y) = (xy,yi), then {(xioyi) P (x;,yi
i=12..}iscalled atwo dimension dsn of the discrete ty
P(Xj,yi) =20 i 2 v °
X y
?_", Px; vi) = 1 'P(x,y)

(xy) . P(xy)



In dies
1 2 3 4 5 6
g 11 12 13 14 15 16

1
2
3

2. The Continuous Case '
The two dimensional (xY) r.v. is a jointly distributed r.v. of th

continuous type if there is a fuction of x and f(xy) set f(x,y)=0

SSF(x, ydxdy = | |

The dimension of one random variable in two dimensional

F(x)

X

The dimension of two random variable is three dimensional
F(xy)

X y
Some properties of the joint dsn Define f(xy) = Sy S(X,y) dxdy =
—0a

F(xy) is the joint dsn function



(1) F(-e0,00) = |
(2) F(-0,y)=0
B)F(eoy)=0V y
4 FX,-2)=0V x

Example: ’
(i) X and Y are jointly distributed with the
ss joint pdf.
F(xy) = x* + Cxy o<x<1
(a) Findc

(b) P(Xs<Y<¥  Y<1)
©) P[X>%,Y21/2]

(a) Tofind c |

OODO

5 Sf(x,Y) dxdy = 1

T=-00

- §2 Ix? + cxy) dxdy = 1

2 1 2
s + c"%)El dy = y+ct’
0 3 4

0

Integration with respect to x; integrate <_'
with respectto y. -



=c=%

=% 4+c =1

sof(xy) = x> + %xy 0<x <l
‘ O<y<2

1w N
P[X< %,yél][ =§ § f(x,y) dxdy
| .

= § §(x2 + Yaxy) dxdy
1
>+ _)ﬁz] #24y with r.t.x
3 6 0 ,

1 ;
(__ =y + Y | withrty
24 A 48 |
‘0
1+ 1 = 2+1 =1
24 48 48 16

C; P(x>'/z y=1/2) S S f(x,y)dxdy
Va

5 S(X + Yxy) dxdy
Ya



2 : 2 ’
=5 & + Ly |dy ‘”‘Sff%ﬂfa)-(’fuﬂus) ‘
1 3 6 by s :

integrate with r.t.y

=% + g - Yy - o6) - Vs + - Vag - 'gy) = *fsg

Examples: The Jointly distributed r.v.s x and y have the ff joint

N0 12 3 g4

1, c*c 2 ¢ 3¢

2 2 ¢ ¢ 2 4¢
3 2c 3¢ ¢ ¢ 5¢
Find (i) the value of ¢
((PX=1Y= 4)
(1ii) P [X<{, Y<2]
(iv) P[X<2, Y=3]

(i) To find ¢
IPXY)=1 = ¢ = 4

(i)3c =Y = Yy
(1ii) P[X<], YL2) = P[x<1, Y= 0,1,2]
= P[XSI,Y=O] + P[X«< Y-—.l] + P[XSI,Y=2]
= P[X=1, Y=0) + P[X=1 Y=1] + P[X=1, Y=2)]
=l+1+2=4=2
30 30 30 30 15



- Assignment

I fx\y) = 2~-x-y O<x<l
' O<y<l1
Obtain (i) P[2x<1, y=14] :
(ii) P[x=0.3,0.2<Y<0.8]

2. f(x,y) = ae %Y ' x>4, y>0

() Finda
(i) P[X<, 1<y<2]

Marginal Dsns
X and y are two jointly distributed r.v.s with pdf f(x.y). The
marginal dsn of x, written h(x) and that of Y written g(y) are given by -

h(X)=5 fexydy

-0

oo

g(y) =S f(x,y)dx

The graff of marginal dsn is two dimension if X and Y and (D)
discrete with {(x;,yi) P(x;,y:)} as the dsn. The marginal h(x) for x and
g(yi) for Y are given by

h(x;) = J_ZP(XGYi)

g(y) = %P(xi; ¥i)

We observed thaqf the marginal pdf satisfy the following
h(x)=0 h(xi)=0



S h(x)dx = I h(xi) =1
Exa'n{;l'e: X and Y are jointly distributed with
f(X,y) = c(6-x-y) O<x<2
2<y<4 .

Find

(i) The value of ¢

(1) P[1<X<2, Y<3]

(iii) The margial h(x), &y)

(iv) P[x21], P[1sy<3], Ply>3]

i@ c='
(e ]

(i)  hx)= S £(x,y)dy

-0

=%\ (6-xy)dy

2 by-xy-y*
2
= g (6-2x) = % (3-x) O<x<2

4 |
g(y) =Szf (x,y) dx

o4 : 2
= llsg (6-x-y)dx = "%, [6x—x2,,-xy]
2 ' 0

=3 [12-2-2y]
=Y (5-y) | 2<y<4



‘ 2 2
(iv) P[x>1] S h(x)dx = % S(S-x)dx
1 1 -

: 2
Vi |:3x‘— x_2:l
21y

= % (6-2-3+%) =%

P[<y<3] = P[25y<3]

3 3
=S< (x) dx =%S(5-y)
2 2

(2) The jointly distributed r.v.s. X and Y have the pdf
f(x,y) =k x-y O<x<1 '
. O<y<1

Find (i)k
(i) h(x) gy
. (iii) P(x cts, y244)
&/ (iv) P(0.5<x<2.3),  P[0.5< Y<0.8]

(3) The r.v.s X and Y have the dsn given below.

X \Y 1 2 3 |hx X\Y vy, ¥ ym
-0 1 3 05 J405 X} P(x,y)

1 05 ¢ 2 05 X2 :

2 05 09 .1 2 X3

g(y) o1 _ . Xq P(x.y1)

gl gy) glv1)

(hx)

h(x2)



Find )¢

(ii) The column of h(x) = h{x,), h(x,).. L(Xn)
= marginal dsp of '

Solutiop to (3)
() To fidng C we reca]] that

g P(x,y) =1
7 + 3cd =1

C=o1
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